In this paper, the dynamic response of a harmonically forced Linear Oscillator (LO) strongly coupled to a
different experiments and design procedures are presented. The experimental measurements are compared to theoretical prediction. The last section presents the concluding remarks.
Theoretical developments
The theoretical developments presented herein are based on [19, 21] . The system studied in this paper is composed of a harmonically excited Linear Oscillator (LO) strongly coupled to a Nonlinear Energy Sink (NES) (see Fig. 1 ) and is described by the following equation of motion:
[ Fig. 1 
about here.]
Where x 1 , m 1 , c 1 , k 1 and x 2 , m 2 , c 2 , k 2 are the displacement, mass, damping and stiffness of the LO and the NES respectively. All the physical parameters, including the damping of the LO, are taken into account. The imposed harmonic displacement x e is expressed as follow:
Fixed points
After rescaling, system (1,2) is reduced to a more convenient form:
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Where the dots denote differentiation with respect to τ and the following parameters are defined:
{τ, ω 1 , ω 2 , ε, λ 1 , λ 1 , Ω, K, F} =
It should be noticed that the rescaled equations are identical for imposed force or displacement up to O (ε). New variables are introduced as follow:
As the system is studied in the vicinity of the 1 : 1 resonance where both oscillators oscillate at the excitation frequency Ω, it is convenient to introduce the following complex variables [16] :
φ 1 e iΩτ =v + iΩv, φ 2 e iΩτ =ẇ + iΩw
Introducing Eq. (6, 7) into (4, 5) , and keeping only terms containing e iΩτ yields to the following slow modulated system:
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A detuning parameter σ representing the nearness of excitation frequency to the reduced natural frequency of the LO is introduced as follow:
Fixed points of Eq. (8, 9) correspond to the periodic solutions of system (4,5). They are computed by equating the derivatives to zero, yielding a system of complex algebraic equations. After algebraic operations, this system is expressed in a more convenient form:φ
Coefficients α i (i = 1..3) are given in Appendix A. To study the stability of these fixed points, small perturbations are introduced:
Keeping only linear terms with respect to ρ i (i = 1..2), taking the complex conjugate and putting the resulting system into matrix form, the stability of the fixed points is then deduced by analyzing the root of the characteristic equation. If a real root crosses the left-half complex plane, it corresponds to a Saddle-Node (SN) bifurcation and if a pair of complex Etienne Gourc Paper VIB-13-1091 5
conjugates crosses the left-half complex plane, it corresponds to a Hopf bifurcation of the slow flow.
Asymptotic analysis
As the case of small mass ratio (ε << 1) is studied here, Eq. (8, 9) are analyzed using a perturbation method. Multiple time scales are introduced as follows:
Substituting Eq. (10) and (14) into Eq. (8, 9) and equating coefficients of like power of ε yields:
The first equation of (15) gives:
Substituting Eq. (17) into the second equation of (15), fixed points Φ (τ 1 ) depend only on time scale τ 1 and obey the following algebraic equation:
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Equation (18) is solved by taking Φ (τ 1 ) = N 2 e iδ 2 :
The number of solutions to Eq. (19) depends only on the parameter λ 2 . The roots of the derivative of the right hand side of Eq. (19) are computed to find the critical value of λ 2 :
Therefore, if λ 2 < 1/ √ 3, two roots and a pair of saddle-node bifurcation exist and does not exist otherwise. In fact, Eq. (19) represents the Slow Invariant Manifold (SIM) of the problem. In the case λ 2 > 1/ √ 3, the SIM is monotonous. On the othe hand, if λ 2 < 1/ √ 3, the SIM admits extrema and is divided into two stable branches and one unstable branch. An illustration of the SIM is given in Fig. 2 where K = 100 and λ 2 = 0.2. Such a SIM structure may give rise to relaxation oscillations. In effect, the slow flow may rise on the first stable branch until reaching the fold point Z 21 . The slow flow will jump onto the upper stable branch of the SIM to the landing point Z 2u . The amplitude of the slow flow will decrease slowly until reaching the second fold point Z 22 to jump back to the lower stable branch on point Z 2d . To investigate this possibility, the behavior of Eq. (16) on the SIM is analyzed.
[ Fig Etienne Gourc Paper VIB-13-1091
By expressing Φ(τ 1 ) in polar coordinates, the equations governing the evolution of N 2 and δ 2 with respect to time scale τ 1 are obtained:
where
It has been demonstrated [20] that Eq. (22) admits two types of fixed point. The first type is referred to as ordinary fixed points and is found for f 1 = f 2 = 0 and g = 0. These fixed points corresponds to those computed in Eq. (12) if the term at O(ε 2 ) is neglected. The others are referred to as folded singularities and are found for
The system
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Ordinary fixed points are found by solving Eq. (26) for sin δ 2 and cos δ 2 , and assuming that the determinant does not vanish. It can be noticed that det(a) = 8F 2 g/N 2 , so that, when eliminating f 1 and g, the condition f 2 = 0 is automatically satisfied by Eq. (26), thus obtaining the expression of the folded singularities:
A condition for the excitation amplitude for the existence of folded singularities on the lower and upper fold is obtained Etienne Gourc Paper VIB-13-1091 9 from Eq. (28):
Yielding:
However, the condition on Eq. (30) is necessary but not sufficient to guarantee the stability of SMR regimes. Under certain conditions, the slow flow may be attracted to another stable response. This mechanism of annihilation of SMR is explained in detail in [22] . To access this possibility, a procedure of 1D mapping has been developed in [20] . The principle consists in following the slow flow during one cycle of relaxation, with initial conditions inside the interval
The procedure is illustrated in Fig. 3 and consists of four steps described below:
1. A starting point is chosen on the lower fold (see Eq. (20)) with a phase inside the interval [∆ 11 , ∆ 12 ]. The landing points on the upper fold are then computed using Eq. (18) and the invariant property of the SIM (see Fig. 2 for the corresponding notation):
2. Equation (22) is numerically integrated with Φ 2u as initial conditions, until reaching the upper fold line. 3 . The landing point Φ 2d on the lower fold is computed in the same way as in the first step. 4 . Equation (22) is numerically integrated again, until reaching the lower fold line.
[ Fig. 3 In the following section, two different experiments will be presented. The main difference between these experiments is the value of the mass ratio (ε). For the first one ε = 12.9% and for the second one ε = 1.2%. Moreover, the first experiment is subject to harmonic forcing, and the second one to an imposed displacement. As mentioned previously, in the case of base excitation, a term related to the damping of the LO is present (see Eq. (4)); this is not the case for imposed force.
However, this term is of O(ε 2 ) and does not have that much influence on the behavior of the whole system. In both cases, the displacement is measured using contact-less laser sensors. Raw signals are recorded using a digital oscilloscope and a band pass filter is applied to correct biases and suppress high frequency noise. The cubic stiffness has been implemented geometrically with two linear springs that extend axially and are free to rotate. The force-displacement relationship (given in Eq. (32)), expanded in Taylor series, is shown to be approximately cubic in nature.
Where u is the displacement, k l is the linear spring stiffness, l the initial length of the spring, and P is the pre-stress force. Experimentally, P must be kept as small as possible. Precision rail guides are used for all guidance. For each test, the Root Mean Square (RMS) value of the absolute displacement of the LO (x) and the relative displacement between the NES and the LO (w) are plotted versus the frequency of excitation. RMS values are used in order to highlight the benefits of SMR cycles.
First experiments with ε = 12.9%
The first experimental fixture built to investigate the behavior of a single-degree-of-freedom oscillator strongly coupled to a NES under excitation is depicted in Fig. 4 . It consists of a main mass (LO) grounded by means of a linear spring, and connected to an electrodynamic shaker. The nonlinear oscillator is embedded on this main mass. Both masses are connected by means of an essential cubic stiffness.
[ Fig. 4 
about here.]
As shown in Fig. 4 , the main system receives the electrodynamic force directly from the modal shaker. This force is constant whatever the response of the system. It has therefore been considered as the input excitation force, and the mass and stiffness of the shaker are considered together with the LO. The exciter force is obtained by measuring the current delivered by the power amplifier. The nonlinear stiffness value used in the theoretical analysis has been obtained with a nonlinear least square cubic polynomial fitting of the experimental curve.
[ Table 1 about here.]
The parameters identified on the experimental setup and used for the calculations are given in Tab. 1 .
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The aim of the experimental tests is to obtain the nonlinear Frequency Response Function (FRF) of the system around the 1 : 1 resonance. To this end, the displacement signals of both the LO and the NES have been recorded for increasing and decreasing frequency varying from 5 Hz to 20 Hz. Figure 5 show the nonlinear response curves for the NES and the LO respectively, for a forcing amplitude of 2.7 N. Thin lines correspond to stable periodic motion, and thick lines refer to unstable region of periodic solutions. "SN" and "Hopf"
indicate the location of the Saddle-Node and Hopf bifurcation points obtained analytically using Eq. (13) . In addition to the classical resonance curve, a secondary resonance curve with a stable upper branch is observed.
Those figures also display the measured frequency response of both oscillators, where "o" and " * " denote periodic and quasiperiodic regimes respectively, and arrows show the jumps and the direction of evolution of the frequency. For an increasing frequency, the motion takes place on the stable upper branch before jumping onto the lower branch at 12.5 Hz. Then, the amplitude of motion increases again when following the main resonance curve. At this time, weak quasiperiodic regime takes place. A time measurement of such a regime is depicted in Fig. 6 . This clearly shows a modulated response which match well with a Hopf bifurcation. However, unlike the analytical prediction, motion of the oscillators becomes periodic again before jumping back onto the lower curve. Nevertheless, the frequency at which the jump occurs is approximately the same in both cases.
[ Comparing experimental and theoretical results, it is interesting to notice that there is a qualitative agreement even if differences occur with the amplitude, and instability zones, that are mainly due to the uncertainty in the characterization of the nonlinear stiffness and damping. In this experiment, no SMR has been observed. As it has been shown in [22] , in addition to the previously mentioned mechanism of annihilation of SMR, when the mass ratio increases above a given threshold ε cr2
(not computed here), neither stable SMR nor unstable limit cycles are possible, and only stable weak modulated response is observed. These considerations motivated the design of a new experiment.
NES optimization
The previously presented experiment has two major drawbacks:
1. The mass ratio was too high to allow SMR response.
2.
A high amplitude detached resonance tongue appeared on the left of the main backbone branch.
In this section, a design procedure is proposed to eliminate this detached resonance tongue and to allow SMR response at the same time, considering a system with a small mass ratio (ε ≈ 1%). To study the conditions for the appearance of the detached resonance tongue, boundaries separating single and triple solutions in Eq. (12), corresponding to Saddle-Node bifurcation, are analyzed. Saddle-Node bifurcation arises when a real root of the characteristic polynomial leaves the left-half complex plane. By setting the root to 0, the resulting equation is written in the following form:
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Coefficients v i are not given here due to their length. Eliminating Z 20 from Eq. (33) yields:
Substituting Eq. (34) into Eq. (12) and solving for F produces the boundary separating single from multiple solutions in the plane of parameters (F, σ). An illustration is given in Fig. 7 .
[ Fig. 7 about here.] Fig. 7 highlights that there is a narrow zone (F 1c < F < F SN ) where SMR may be possible (F > F 1c ) and where no high amplitude detached resonance tongue exists. This zone is optimal for passive control of vibration using a NES. Taking arbitrary values for ε, λ 1 and λ 2 , the boundaries for optimal NES sizing are plotted in the plane of parameters (F, K) in Fig. 8 . The nonlinear stiffness K must be chosen inside the interval between the solid and the dashed curve.
[ Fig. 8 about here.]
In Figure 9 the evolution of the width of the zone of SMR as a function of the forcing amplitude is presented. It is observed, that this zone is larger when the forcing amplitude is close to the boundary F SN , which is interesting from a vibration mitigation point of view. In the next section the experimental setup designed using the proposed criterion is presented.
[ Fig. 9 about here.]
Second experiments with
The second experiment is depicted in Fig. 10 . Here, the whole setup is embedded on a 10 kN elecrodynamic shaker.
Feedback position control of the electrodynamic shaker ensures a constant excitation amplitude (especially during SMR regimes).
[ Fig. 10 about here.]
The moving masses of the LO and the NES are: m 1 = 4.178kg and m NES = 0.042kg respectively. As the mass of the NES is very small, the inertia of the springs is no longer negligible and has to be considered. In a rough approximation, considering the spring as a beam and neglecting axial inertia, the kinetic energy of the NES is written as follows:
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The nominal excitation amplitude is fixed to define the NES stiffness (G = 0.25mm; F = 0.02). The sizing curves corresponding to the physical parameters of the system are presented in Fig. 11 .
[ Fig. 11 about here.]
The red horizontal line corresponds to the dimensionless nominal forcing amplitude, and the two black dots correspond to the excitation amplitude for which the trials have been performed, for the chosen stiffness (K = 1874). Both the measured force-displacement relationship and the cubic fitting are presented in Fig. 12 for the designed NES.
[ Fig. 12 about here.]
The first results carried out at the nominal forcing amplitude (G = 0.25mm) are presented in Fig. 13 Experimentally, energy pumping through SMR is observed for this forcing amplitude and time response is presented in Fig. 14 corresponding to "Point A" in Fig. 13 . It is clear that this regime is related to relaxation oscillation. For this forcing amplitude, no detached resonance curve is observed.
[ Fig. 14 about here.] Fig. 15 shows the obtained frequency response functions for G = 0.325mm. Energy pumping still occurs, but high vibration amplitudes before the natural frequency are also observed. This is in accordance with the analytical predictions in Fig. 11 . The width of SMR zone is also larger when the excitation amplitude increases, as reported theoretically in Fig. 9 .
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[ Fig. 15 about here. ]
The previous results highlight discrepancies between theoretical prediction and experimental measurements in the SMR zone. Numerical simulations have revealed that this zone is sensitive to the damping of both LO and NES, which may explain the difference in its width. It is also observed that, in the both cases, SMR zones shift to the right-hand-side. This is certainly due to a nonlinearity induced in the linear spring anchorage of the LO. However, the behavior observed experimentally shows that energy pumping, under harmonic excitation, is possible without having high amplitude detached resonance tongue. Despite the small mass ratio, the NES induces significant changes in the behavior of the main linear system and the frequency response curve of the LO is flattened. Qualitative behavior of the system is fully explained by the theoretical study.
Conclusion
In this paper, the dynamic response of a 2 dof system comprising a harmonically excited Linear Oscillator strongly coupled to a Nonlinear Energy Sink was investigated theoretically and experimentally.
The complexification-averaging thechnique was used to derive modulation equations. The modulation equations were analyzed using asymptotic expansion. The zone of existence of stable strongly modulated response was determined using a mapping procedure.
The first experiment presented was not optimized. This experiment had a relatively high mass ratio (ε = 12.9%). For this case, the so-called strongly modulated response was not observed, but the obtained frequency response function match fairly well with the theoretical prediction (fixed points computed using the complexification averaging technique). A design procedure was then proposed to optimize the system. The aim of this procedure was to avoid the detached resonance curve and allow SMR response at the same time. The improved experiment with ε = 1.2% and the associated measurements were presented. Frequency response functions were plotted for two different excitation amplitudes. At both excitation amplitudes, energy pumping by means of strongly modulated response was observed. A good correlation between theoretical and experimental result was observed.
The experiment also showed that it is possible to avoid the detached resonance curve and still have energy pumping, validating the design methodology.
The use of NES under harmonic excitation is a useful vibration mitigation device due to the lack of preferential linear frequency. However, a proper design procedure must be conducted to avoid spurious high amplitude response. 
